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Abstract We give a general relation between the chiral
susceptibility and the thermodynamical potential and a re-
lation between the chiral susceptibility and the condition
for furcations to appear in the Wigner solution(s) in the
Nambu–Jona-Lasinio (NJL) model. We find that the chi-
ral susceptibility is a quantity able to represent the appear-
ance of furcation in the solution(s) of the gap equation and
the concavo–convexity of the thermodynamical potential in
the NJL model. It indicates that the chiral susceptibility can
identify the stability of the states and the chiral phase transi-
tion in NJL model. We propose that analyzing the chiral sus-
ceptibility may play an important role in studying the chiral
phase transition in approaches superior to the NJL model.

PACS 12.38.Aw · 05.70.Fh · 11.30.Rd · 12.40.-y

1 Introduction

Quantum chromodynamics (QCD) is a non-Abelian gauge
theory. The proof of its renormalizability [1] and the dis-
covery of ultraviolet asymptotic freedom [2, 3] have been
milestones in its acceptance as the theory of the strong in-
teraction. For large momentum, the coupling becomes very
weak; then perturbation theory is appropriate to carry out
the calculations. However, for small momentum, the cou-
pling grows quite strong and adequate methods have to be
implemented to study non-perturbative phenomena, such as
confinement, dynamical chiral symmetry breaking (DCSB)
and bound state formation. Among these characteristics,
DCSB is fundamentally important. For example, it is re-
sponsible for the generation of large constituent-like masses
for dressed quarks in QCD, and it also is the keystone in
the realization of Goldstone’s theorem through pseudoscalar
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mesons in QCD. It is generally believed that, at sufficiently
high temperature and/or density, the QCD vacuum under-
goes a phase transition into a chiral symmetric phase. This
chiral phase transition plays an essential role in studying the
structure of some astro-objects and the evolution of the early
universe, which may be experimentally realized in ultra high
energy heavy-ion collisions. At finite temperature, the lattice
simulation is a powerful tool for studying the chiral phase
transition. It is now being developed also for a finite chem-
ical potential. However, effective theories of QCD are still
necessary, and they even are powerful for our understanding
of various non-perturbative phenomena, including the phase
transition. There have been many approaches and models
exhibiting such a character, such as the Dyson–Schwinger
equation (DSE) approach [4–25], the Nambu–Jona-Lasinio
(NJL) model [26–33] and the Polyakov-loop improved NJL
model [34–41], the chiral quark model [42–54], the global
color symmetry model (GCM) [55–66], the quark–meson
coupling (QMC) model [67–70] and the Polyakov-loop ex-
tended QMC model [71], the quark mean field model [72],
and other effective field theory models (see for example
Ref. [73]).

In these QCD-like theories, one usually first tries to find
the solutions of the equations satisfied by the order para-
meters of the phase transition and then to determine which
solution is stable under certain conditions by analyzing the
thermodynamical potential. In Ref. [23], with the DSE ap-
proach, some of us have shown that the chiral susceptibil-
ity is a quantity which could describe the dependence of the
chiral condensate or dressed quark mass on the chemical po-
tential in the first order approximation. The chiral suscepti-
bility χ is usually defined as the first order response of the
chiral condensate or of the dressed quark mass with respect
to the current quark mass. Furthermore, Ref. [23] suggests
that the chiral susceptibility could be used to represent the
possibility of the chiral and other phase transitions. How-
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ever, the explicit relation between the chiral susceptibility
and the thermodynamical potential has not yet been given.

We study the properties of χ in this paper and discuss
that it is just the right quantity to use on identifying the pos-
sibility of phase transitions.

The DSE approach and the NJL model both have a quark
(gap) equation, and the NJL model can be regarded as an
approximation of the DSE, since the NJL model takes the
point-like interaction approximation for the gluon-mediated
interaction among quarks as a starting point. Even though
the DSE is an approach superior to the NJL model, finding
the solutions of DSEs and determining which solution is the
physical solution remain difficult problems in general, be-
cause as the higher order loops are taken into account, more
equations need to be solved, and it becomes more compli-
cated or even impossible to give the explicit expression of
the thermodynamical potential. However, there are not so
many difficulties in the NJL model. Thus, if we could find
some quantities which may characterize the properties of the
solutions in a simple model, for example the NJL model,
and generalize it to more advanced models such as DSE, it
will be very helpful in studying the properties of DCSB. We
thus study the solutions of the gap equation and the relation
between the chiral susceptibility and the thermodynamical
potential in the NJL model in this paper.

The paper is organized as follows. In Sect. 2, we describe
briefly the main points of the NJL model and the correspond-
ing gap equation for the quark. In Sect. 3, we discuss the
properties of the chiral susceptibility and give the relation
between the chiral susceptibility and the thermodynamical
potential and that between the chiral susceptibility and the
condition for furcation(s) to emerge in the solution(s) of the
gap equation in NJL model. In Sect. 4, we show the valid-
ity of the chiral susceptibility in identifying the chiral phase
transition by numerically analyzing the characteristics of the
solutions of the gap equation, the thermodynamical poten-
tial and the chiral susceptibility with respect to the chemical
potential in the NJL model. Finally, in Sect. 5, we give a
summary and present some remarks.

2 Brief description of the NJL model

The Nambu–Jona-Lasinio (NJL) model was originally de-
veloped as a theory to study the interaction of nucle-
ons through an effective two-body interaction [26]. Subse-
quently, it was extended to a description of the interaction in
the quark degrees of freedom [28, 29, 31–33]. Because of its
simplicity, the NJL model is useful for us to gain an under-
standing of the process of the DCSB. Also it could explicitly
show us the Goldstone modes.

As an effective approach, the NJL model has been used to
study the chiral phase transition in matter at finite tempera-
ture and baryon chemical potential, color superconductivity

at moderate baryon density, the properties of some asymme-
try matter, and the structure of some astro-objects (see for
example Refs. [33, 34, 36, 38, 39, 41, 74–104]). In this pa-
per we discuss only the chiral dynamical behavior and start
with the simple Lagrangian of the NJL model,

LNJL = q̄
(
iγ μ∂μ − m

)
q + G

[
(q̄q)2 + (q̄iγ5�τq)2], (1)

where m is the current quark mass, the �τ are Pauli matrices,
and G is the coupling constant.

In the Hartree approximation, the interaction terms could
be substituted as follows:

(q̄Ôq)2 −→ 2〈q̄Ôq〉q̄Ôq − 〈q̄Ôq〉2,

in which Ô could be the interaction matrices 1, γ5, γμ and
γ5γμ. If we only take the scalar condensation into account,
the Lagrangian might be rewritten as

LNJL = q̄
(
iγ μ∂μ − m

)
q + 2G〈q̄q〉q̄q − (M − m)2

4G

= q̄
(
iγ μ∂μ − M

)
q − (M − m)2

4G
, (2)

where M = m − 2G〈q̄q〉 is the constituent quark mass. In
the Hartree approximation, the self-energy of a quark is gen-
erated by the local four-fermion interaction. After some cal-
culation, we can write

M = m + 2iG
∫

d4p

(2π)4
TrS(p)

= m + 8NfNciG
∫

d4p

(2π)4

M

p2 − M2
. (3)

Using the standard technique of thermal field theory, we
could directly calculate the contribution of the quark loops
and polarization diagrams at finite temperature T and finite
chemical potential μ. Thus, we could get the gap equation
with the variables of T and μ as follows:

M − m

G
− 4NcNf

×
∫

d3p

(2π)3

M

Ep

(
1 − np(T ,μ) − n̄p(T ,μ)

) = 0, (4)

where Ep = √
p2 + M2, and np(T ,μ) and n̄p(T ,μ) are the

Fermi occupation numbers of quarks and antiquarks, respec-
tively, with

np(T ,μ) = 1

e(Ep−μ)/T + 1
,

n̄p(T ,μ) = 1

e(Ep+μ)/T + 1
.

(5)

If we set T = 0, μ = 0, (4) will share the same form as (3)
after integration over p0.
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Solving the gap equation leads to the possible physical
states of a system. To obtain the stable state which holds
the lowest energy, one should conventionally compare the
thermodynamical potentials corresponding to the solutions.
In the NJL model, it is not difficult to obtain the thermody-
namical potential Ω from the Lagrangian by applying the
standard technique of thermal field theory.

For a system with volume V , temperature T and chem-
ical potential μ, we could define the thermodynamical po-
tential by

Ω(T ,μ) = −T

V
ln Tr

[
exp

(
− 1

T

∫
d3x

(
H − μq†q

))]
, (6)

where H is the Hamiltonian corresponding to the La-
grangian L.

In the conventional way, as we take only the scalar con-
densate into account in the NJL model, we have

L + μq†q = q̄
(
iγ μ∂μ − M

)
q + μq†q − Gφ2,

where φ = 〈q̄q〉 and M = m − 2Gφ. The thermodynamical
potential could then be written

Ω(T ,μ;M) = ΩM(T ,μ) + (M − m)2

4G
, (7)

in which

ΩM(T ,μ) = −2NcNf

∫
d3p

(2π)3

{
Ep

+ T ln

[
1 + exp

(
− 1

T
(Ep − μ)

)]

+ T ln

[
1 + exp

(
− 1

T
(Ep + μ)

)]}
. (8)

It is well known that the stable physical state is the one
corresponds to the global minimum of the thermodynamical
potential, i.e., the one built upon the smallest Ω determined

by the conditions ∂Ω
∂M

= 0 and ∂2Ω

∂M2 > 0. It is easy to see that

the gap equations, (4) and (5), are the result of ∂Ω
∂M

= 0 for
the corresponding Ω .

3 Characteristics of the chiral susceptibility in the NJL
model

It has been shown that (7) and (8) represent the explicit form
of the thermodynamical potential in the NJL model. From
these equations we get the gap equation by evaluating the
first order derivative of the Ω over the M and setting it zero,
so that M is the solution of the gap equation. It explicitly
reads

∂Ω

∂M
= M − m

G

− 4NcNf

∫
d3p

(2π)3

M

Ep

[
1 − np(T ,μ) − n̄p(T ,μ)

]

≡ 0. (9)

Furthermore, we get the explicit form of the second order

derivative ∂2Ω

∂M2 as follows:

∂2Ω

∂M2

∣∣∣∣
∂Ω
∂M

=0
= 1

G
− 4NcNf

∂

∂M

{∫
d3p

(2π)3

× M

Ep

[
1−np(T ,μ)−n̄p(T ,μ)

]}
. (10)

Taking the first order derivative of the gap equation
over m, we obtain the expression of the chiral susceptibil-
ity χ :

χ = ∂M

∂m

= 1

1 − 4GNcNf
∂

∂M

{∫ d3p

(2π)3
M
Ep

[1 − np(T ,μ) − n̄p(T ,μ)]}
.

(11)

From (10) and (11), we can easily find that the chiral sus-

ceptibility has a simple relation with ∂2Ω

∂M2 | ∂Ω
∂M

=0; it reads

χ = 1

G ∂2Ω

∂M2 | ∂Ω
∂M

=0

. (12)

Based on mathematical principles, we know that the sec-
ond order derivative of a function determines the concavo–
convexity of the function. For thermodynamical potential,
the concavo–convexity shows the stability of the solutions of
the gap equation. From (3) in the chiral limit (with m ≡ 0),
one may notice apparently that there definitely exists a so-
lution M ≡ 0, which corresponds to the phase with chiral
symmetry and is usually referred to as the Wigner solu-
tion. There may also exist non-zero solution(s), correspond-
ing to the chiral symmetry broken phase, being known as

Nambu solution(s). Then, if ∂2Ω

∂M2 > 0 ( ∂Ω
∂M

= 0), the func-
tion of the thermodynamical potential is concave, the state

is stable, or at least, metastable. If ∂2Ω

∂M2 < 0 ( ∂Ω
∂M

= 0), the
function Ω(M) is convex, and the state associated with it
is unstable. The point with ∂2Ω

∂M2 = 0 is the inflection of the
function Ω(M). With the relation (12), one recognizes that

the singularity of the chiral susceptibility (with ∂2Ω

∂M2 = 0)
corresponds to the inflection point of the thermodynamical
potential. Concerning the chiral susceptibility (χW ) of the
Wigner state, one recognizes that the singularity and the vi-
olation of the positivity of the chiral susceptibility indicates
the possibility of a chiral phase transition, since χW being
positive means that the Wigner state is stable and the sys-
tem is in the chiral symmetry phase, and the negative χW
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makes it manifest that the Wigner state is not stable; the sys-
tem should then be in the dynamical chiral symmetry broken
phase. Therefore, the chiral susceptibility could be a signifi-
cant quantity as we identify the dynamical chiral phase tran-
sition, especially in the situation that people have difficulty
in getting the explicit expression of the thermodynamical
potential.

In the above discussion, we have not made any approxi-
mation, such as the chiral limit or the zero temperature limit.
The obtained relation between the chiral susceptibility and
the thermodynamical potential is general in the NJL model.
In some other framework of non-perturbative approaches
of QCD, for example, the Dyson–Schwinger equation ap-
proach, where one has the difficulty of getting the explicit
expression of the thermodynamical potential, the method of
analyzing the thermodynamical potential is thus not practi-
cal. However, calculating and analyzing the chiral suscepti-
bilities are still available (for instance, Ref. [23] has done
so successfully in the framework of the DSE of massless
QCD). It makes manifest that analyzing the chiral suscepti-
bilities may be a useful method to study the stability of states
and the possibility of a chiral phase transition.

Besides the above mentioned relation between the chi-
ral susceptibility and the thermodynamical potential, with
which one can analyze the stability of the state, one may
also predict the generation of new state(s) with the chiral
susceptibility, since its divergence point just relates to the
furcation point of the solutions of the gap equation in the
NJL model. The above discussion has shown that the chiral
susceptibility of the Wigner solution in the NJL model can
be written as

χW = 1

1 − 4GNcNf
∫ d3p

(2π)3
1
p
[1 − n − n̄]

, (13)

where n = np (M = 0) and n̄ = n̄p (M = 0). It shows ap-
parently that the chiral susceptibility is positive–negative di-
vergent at a particular chemical potential. To discuss the re-
lation between the chiral susceptibility and the generation
of new state(s), we take the functional derivative of the gap
equation evaluated at M = 0. It gives

δM

{
1 − 4GNcNf

∫
d3p

(2π)3

1

p
[1 − n − n̄]

}
= 0. (14)

Taking advantage of the standard bifurcation theory (see for
example Refs. [105–107]), one can obtain

1 − 4GNcNf

∫
d3p

(2π)3

1

p
[1 − n − n̄] = 0. (15)

It is evident that such a condition is just that for the chiral
susceptibility of the Wigner solution to be divergent. There-
fore the critical chemical potential for the chiral susceptibil-
ity of the Wigner solution to be divergent is also the one for

the furcation of Wigner solutions to appear (or for more so-
lutions to emerge). It indicates that analyzing the chiral sus-
ceptibilities can help us to study the structure of solutions
of the gap equation, especially when we have difficulty in
getting information of how many solutions exist for the gap
equation.

4 Numerical verification in NJL model

To illustrate the validity and the consistency of the roles of
the chiral susceptibility discussed analytically in the previ-
ous section, we firstly study the solutions of the gap equation
and their chiral susceptibilities in the NJL model.

We constrain ourselves at present to the case of zero tem-
perature and finite chemical potential. After some calcula-
tion from (4) and (5), the gap equations could be written
explicitly as

M − m

G
= 8Nc

∫ Λ

0

p2 dp

2π2

M

Ep

, for μ < M, (16)

M − m

G
= 8Nc

∫ Λ

kf

p2 dp

2π2

M

Ep

, for μ > M, (17)

where m is the current quark mass, μ =
√

M2 + k2
f with

kf being the Fermi momentum, and Λ is the cut-off of the
three-momentum.

Thus the chiral susceptibility for μ > M can be written
as

χ = ∂M

∂m

= 1

1 − 8NcG
∂2

∂M2

∫ Λ

kf

p2 dp

2π2 Ep − 8NcμG ∂2

∂M2

∫ Λ

kf

p2 dp

2π2

,

(18)

and χ for μ < M is a constant.

4.1 In the chiral limit

We concentrate ourselves at present to the chiral limit, i.e.,
setting m = 0 in (16) and (17). To solve these gap equations,
we take for the parameters Λ = 587.90 MeV and GΛ2 =
2.44, with which the experimental data of the mass and the
decay constant of the pion are well reproduced [33]. The
solutions obtained for the gap equations are illustrated in
Fig. 1.

The figure shows evidently that, at zero chemical po-
tential, there exist three solutions to the gap equation, the
Wigner solution M = 0 MeV and the Nambu solutions
M = ±387.92 MeV. With increasing chemical potential,
the Nambu solutions and Wigner solution would take on
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Fig. 1 Numerical solutions of the gap equation in terms of the chemi-
cal potential at the chiral limit and zero temperature in the NJL model
(with parameters set Λ = 587.9 MeV and GΛ2 = 2.44)

different behaviors. In detail: for the chemical potential
μ ∈ (0,335.59) MeV, there exists only one Wigner solution
with M = 0 MeV. At the point (335.59,0), there emerges
a trifurcation, one of which remains zero, the other two be-
coming positive and negative, respectively. As the chemical
potential continuously increases, the zero solution maintains
zero and the non-zero solutions change with the increas-
ing absolute value. However, nothing special happens until
μ = 387.92 MeV. We know that, from this point, the solu-
tions of (17) break the constraint μ < |M|; thus, there are
no longer constant solutions beyond this chemical potential.
Moreover, just from such a μ, two more solutions to (17)
appear. As the chemical potential takes a value in the region
μ ∈ (387.92,397.23) MeV, there are totally five solutions
for (17); two of them are positive, one of them is zero and
the other two are negative. As μ = 397.23 MeV, the two pos-
itive solutions coalesce. It makes manifest that a bifurcation
exists around μ ≤ 397.23 MeV. The negative solutions have
the same behavior as the positive ones. At a chemical poten-
tial larger than 397.234 MeV, there exists only one solution,
M ≡ 0 (Wigner solution).

With the same parameters as taken to get Fig. 1, we cal-
culate the chemical potential dependence of the chiral sus-
ceptibility of the states. The result obtained is illustrated in
Fig. 2. The figure shows evidently that every appearance of
the furcation in the solutions corresponds to the emergence
of a singularity for the chiral susceptibility. Taking into ac-
count the result of the theory of functional analysis shown
in (14) and (15), one can recognize that such a characteris-
tic is quite natural. Thus, the variation behavior of the chiral
susceptibility may make manifest the appearance of the fur-
cation in the solutions, i.e., the generation and annihilation
of the solution(s).

With (7) and (8), we have also evaluated the dependence
of the thermodynamical potential on the chemical poten-
tial and the constituent (or dynamical) quark mass. The ob-

Fig. 2 Calculated chemical potential dependence of the chiral suscep-
tibility (with the parameters taken the same as for Fig. 1); the upper
panel is for the Nambu solutions, the middle panel for the non-zero
Wigner solutions and the lower panel for the zero Wigner solution

tained result is illustrated in Fig. 3. From Fig. 3 one may
notice that, as the chemical potential takes values through
μ = 335.59 MeV, the shape of the thermodynamical po-
tential at M = 0 changes from a local maximum to a local
minimum and the other minima correspond to M 	= 0 main-
taining the global minima. As the chemical potential takes
values through μ = 397.23 MeV, the local minimum and lo-
cal maximum of the thermodynamical potential at non-zero
constituent mass coalesce and it holds a unique minimum at
M = 0. This indicates that only the chiral symmetric phase
exists. Comparing Figs. 3 and 2 we learn that the relation
between the chiral susceptibility and the thermodynamical
potential (see 12) is satisfied exactly.

4.2 Beyond the chiral limit

In the previous subsection, we discuss the solutions of the
gap equation of the quark and the chiral susceptibility in
the chiral limit in the NJL model. Now we go beyond the
chiral limit. With the interaction parameters taken as those
in the chiral limit and the current quark mass being set
m = 5.6 MeV, which is consistent with the conventional
choice, we solve (16) and (17).

At zero chemical potential, there exist three different so-
lutions in such a model; this has carefully been discussed
in Ref. [108] and implemented to study the relation of the
explicit chiral symmetry breaking and the DCSB. In this
paper, we extend this case to a finite chemical potential
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Fig. 3 Calculated constituent
quark mass dependence of the
thermodynamical potential in
the chiral limit at several
chemical potentials (left panel:
general feature; right panel:
detailed behavior of the
evolution of the
thermodynamical potential in
two significant regions and
around two special values of the
chemical potential (with the
thermodynamical potential at

which ∂2Ω

∂M2 = 0 being
normalized to zero, separately).
The results are with the same
interaction parameters as in
Fig. 1)

Fig. 4 Solutions of the gap equation beyond the chiral limit and at
zero temperature as a function of the chemical potential (with the same
parameters as those for Fig. 1 and a current quark mass m = 5.6 MeV)

and study the chemical potential dependence of these solu-
tions. The obtained numerical result of the solutions against
the chemical potential μ is illustrated in Fig. 4. The figure
shows apparently that, at μ = 0 MeV, (16) has the three so-
lutions M = 399.44 MeV, −11.64 MeV and −375.89 MeV.
At the point (μ,M) = (11.64,−11.64) MeV, the solu-
tion M = −11.64 MeV for (16) disappears and a so-
lution for (17) starts exactly from this point. In the re-
gion μ ∈ (11.64,361.08) MeV, there exist one solution
for (17), whose absolute value increases with increasing μ,
and two constant solutions for (16). As μ takes the value
361.08 MeV, another solution, with M = 112.39 MeV,
emerges. Furthermore, from such a point, a bifurcation of
the solutions appears, in which one increases with increas-
ing μ and the other decreases. When μ reaches 375.89 MeV,
the solution M = −375.89 MeV for (16) ends and a solu-
tion with the same value appears for (17). With increas-

ing chemical potential, the value of such a negative solu-
tion of (17) increases. As the chemical potential reaches
μ = 385.20 MeV, the two negative solutions coalesce at
(μ,M) = (385.20,−355.37) MeV. Then the negative so-
lutions disappear, and there remains a bifurcation below
that point. For the positive solution, the point (μ,M) =
(399.44,399.44) MeV is the end of the constant solution
of (16), as well as the starting point of another solution
for (17). With further increase of the chemical potential,
this solution joins the upper solution generated at the point
(μ,M) = (361.08,112.39) MeV at the chemical potential
μ = 408.70 MeV. From this point, there is only one solution
for (16) and (17) (in fact, only for (17)), and it gradually
approaches the current quark mass when the chemical po-
tential increases to positive infinite.

As defined above, we could get the explicit form of the
chiral susceptibility from the gap equation, and it takes the
same form as (18). If we require χ to be divergent and com-
bine such a requirement with (18), we could get three so-
lutions for the chemical potential μ. The results obtained
are exactly the points for the bifurcations to appear in the
solutions. The detailed numerical results of the dependence
of the chiral susceptibility on the chemical potential is dis-
played in Fig. 5. Once again, we show that the singularity of
the chiral susceptibility could help us to find the furcation of
the solutions.

In addition, it may be interesting to discuss how the solu-
tions beyond the chiral limit evolve from those in the chiral
limit. In Ref. [108], some of us and collaborators show that
there exists a convergence radius for the current quark mass,
within which the dynamical (constituent) mass function can
be expanded as a series in terms of the current mass. Then,
if the current quark mass is small, the mχ could be a quite
good approximation for the contribution of the current mass
effect. Since the chiral susceptibility χ is positive for the
Nambu solutions and negative for the Wigner solutions if
the chemical potential is less than the corresponding criti-
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cal value, we can understand that the positive and negative
Nambu solution beyond the chiral limit come from the posi-
tive and negative Nambu solution in the chiral limit with in-
creasing values, respectively. The Wigner solutions beyond
the chiral limit arise from the Wigner solutions in the chi-
ral limit with decreasing value, and they separate into two
distinct branches due to the divergence of the chiral suscep-
tibility.

With (6) and (7) and the parameters used above, we have
also evaluated the thermodynamical potential as a function

Fig. 5 Calculated dependence of the chiral susceptibility on the chem-
ical potential beyond the chiral limit (with the parameters being taken
the same as for Fig. 4). The panels from top to bottom correspond to
the solution illustrated in Fig. 4 from the uppermost to the lowermost
sequentially

of the constituent quark mass and the chemical potentials
in the case of going beyond the chiral limit in the NJL
model. The obtained results are displayed in Fig. 6. Figure 6
shows evidently that when the chemical potential is small,
the thermodynamical potential holds three extremes. Two of
them are minima and correspond to the positive and nega-
tive Nambu solution, respectively; the other one is a max-
imum and corresponds to the Wigner solution. It indicates
apparently that the Nambu solutions are stable states and
the Wigner solution is an unstable state, so that the sys-
tem is in chiral symmetry dynamically broken phase. As
μ takes the value 361.08 MeV, an inflection emerges at
M = 112.39 MeV which separates the convex part of the
thermodynamical potential into a concave part and a convex
part, and a local minimum appears at M ≈ 5.6 MeV. Re-
calling the solutions of the gap equation shown in Fig. 4,
we know that such a point corresponds to the one for a bi-
furcation to appear. When the chemical potential reaches
385.20 MeV, the local minimum at M ≈ 5.6 MeV becomes
the global minimum, and the original global minimum at
M = 399.44 MeV changes to a local minimum; also, the lo-
cal minimum corresponding to negative M disappears. In
turn, the dynamical chiral symmetry can be restored. As
the chemical potential μ = 408.70 MeV, the local mini-
mum disappears. Then there exists only one minimum at
M ≈ 5.6 MeV as μ > 408.70 MeV, and thus only the dy-
namical chiral symmetric phase exists.

4.3 The chiral phase transition

The above numerical results and discussions apparently
make manifest that the characteristic of the chiral suscep-
tibility represents the structure of the solutions of the gap
equation and the behavior of the thermodynamical potential
in the cases of not only working in the chiral limit but also
beyond the chiral limit in the NJL model. We would now

Fig. 6 Calculated constituent
quark mass dependence of the
thermodynamical potential
beyond the chiral limit at several
chemical potentials (left panel:
general feature; right panel:
detailed behavior of the
evolution of the
thermodynamical potential in
three significant regions and
around three particular values of
the chemical potential (with the
thermodynamical potential at

which ∂2Ω

∂M2 = 0 is normalized to
zero, separately). The results are
for the same interaction
parameters as for Fig. 4)
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like to discuss further the role of the chiral susceptibility
in the chiral phase transition. With the general approach in
analyzing the phase transition (comparing the difference of
thermodynamical potentials between the DCSB phase and
the chiral symmetric one in the present case), we learn that
the value μc = 368 MeV, 385.2 MeV can be regarded as
the critical chemical potential for the chiral phase transi-
tion (from DCSB to the chiral symmetric one) to take place
in the chiral limit and beyond the chiral limit, respectively.
At first sight, the behavior of the chiral susceptibility could
not determine the critical chemical potential, even though it
gives the same result in the case of going beyond the chiral
limit with a current quark mass m0 = 5.6 MeV. However,
we would see that the chiral susceptibility also plays a sig-
nificant role in identifying a first order phase transition at fi-
nite chemical potential. Looking at the numerical results, we
may notice that, in the case of the chiral limit, as the chemi-
cal potential is in the region (335.59,397.23) MeV, the pos-
itivity of the chiral susceptibility in the Wigner phase and
that in the Nambu phase indicate that both the Wigner phase
and the Nambu phase are stable (or one is stable, and the
other metastable) simultaneously. The divergence of the chi-
ral susceptibility in the Wigner phase at μc

W = 335.59 MeV
and that in the Nambu phase at μc

N = 397.23 MeV indi-
cate that there exists another state which is unstable. In
the case of going beyond the chiral limit, when the cur-
rent quark mass takes the value m = 5.6 MeV, for exam-
ple, the critical point μc = 385.2 MeV is definitely in the
region (361.08,408.7) MeV wherein the Wigner phase and
Nambu phase are both stable. The coexistence of two sta-
ble phases demonstrates the possibility of a first order phase
transition, and the phase transition actually occurs in this re-
gion based on the competition of the two phases in the gen-
eral point of view of phase transitions. Furthermore, since
the region μc

N − μc
W, in which the phase transition takes

place, is much smaller than the constituent quark mass scale
(i.e., the scale of the dynamical chiral symmetry breaking),
we can estimate the critical chemical potential by the inter-

polation μ′
c = μc

W+μc
N

2 , which gives μ′
c = 366.41 MeV and

384.89 MeV for the case of the chiral limit, and going be-
yond the chiral limit, respectively. Comparing these values
with those obtained by analyzing the thermodynamical po-
tential, we find that the difference is less than 2 MeV.

The above analysis indicates that, even though the critical
chemical potential cannot exactly be determined by studying
the chiral susceptibility, the divergences of the chiral suscep-
tibility of both the Wigner phase and the Nambu phase iden-
tify at least a region in which the stable (metastable) Wigner
phase and metastable (stable) Nambu phase exist simulta-
neously. The phase transition takes place definitely in this
region and the critical chemical potential can be estimated

with μ′
c = μc

W+μc
N

2 with a quite high precision. Comparing
the result in the chiral limit with that beyond the chiral limit

in the NJL model, we notice that the region in which the
chiral phase transition occurs becomes narrower and the er-
ror of the fixed critical chemical potential (compared with
that given by analyzing the thermodynamical potential) be-
comes smaller with the increase of the current quark mass. It
can be inferred that the phase transition region also becomes
narrower with the increase of temperature and goes continu-
ously to zero at the end point of the first order phase transi-
tion. Related investigations in the μ–T plane are in progress.

5 Summary and remarks

In summary: we give in this paper a general relation between
the chiral susceptibility and the thermodynamical potential
and an explicit relation between the chiral susceptibility and
the condition for furcation to emerge in the Wigner solu-
tion(s) in NJL model. Both analytical and numerical results
make manifest that the singularity of the chiral susceptibil-
ity corresponds to the point for the furcation to appear in the
solution(s) as well as for the concavo–convexity of the ther-
modynamical potential to change. It indicates that the chiral
susceptibility χ is a quantity able to characterize the stabil-
ity of the possible states and to identify the critical chemical
potential; this is taken as the average of the ones for the chi-
ral susceptibilities requiring both the Wigner solutions and
Nambu solutions to be positively divergent to a quite high
precision. Analyzing the chiral susceptibilities of both the
Nambu solutions and the Wigner solutions of the gap equa-
tion simultaneously is thus an efficient method in studying
the chiral phase transition in the NJL model.

It is well known that QCD phases and the phase transition
depend not only on the medium effects, such as temperature,
density and finite size of the matter, but also on the intrinsic
characteristics of the quarks, such as the isospin, the color–
flavor structure, the running coupling strength, the current
mass and so on. Due to the complicated non-perturbative
property of QCD in the low energy region, one does not
yet have quantitative knowledge of the complete QCD phase
structure and its transition. In the NJL model, one can rela-
tively easily get all the solutions of the gap equation and ob-
tain the thermodynamical potential, and then study the chiral
phase transition. As mentioned above, in other approaches,
such as the DSE of QCD, one always has difficulty in know-
ing how many solutions exist for the gap equations and in
finding the solutions completely. The question of how to ob-
tain the exact thermodynamical potential is still under inves-
tigation. Studying the chiral phase transition with the ther-
modynamical potential is thus not practical. However, the
chiral susceptibility is a well-defined quantity in the DSE.
Pushing the above discussion forward, we may infer that, if
the relation χ ∝ 1

∂2Ω

∂M2

does work well in the DSE of QCD,

it will be helpful in studying the QCD phase transition. For
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example, in the chiral limit, we know of the existence of
a Wigner solution. If we calculate the chiral susceptibility
of the Wigner solution and find the divergency of χ , we
could know that other solution(s) would be generated at the
divergence point (such an analysis has been performed in
Ref. [23]). Then by varying the relevant argument(s) of the
points around it, one could easily find the track of other solu-
tions. By evaluating the chiral susceptibility of the new solu-
tion, we could find where this solution ends and other solu-
tions start, which is known to be the Nambu solution. A sim-
ilar analysis could be taken beyond the chiral limit. The suc-
cessful search for the Wigner solution and its conjunction
and disappearance together with the negative Nambu solu-
tion of the DSE of QCD beyond the chiral limit [108] is just
simulated by such an analysis (one usually believes that a
Wigner solution does not exist in the case of going beyond
the chiral limit, since the chiral symmetry has been broken
explicitly. In fact, there still exists dynamical chiral symme-
try and its spontaneous breaking if the current quark mass
is not large enough [108]. Besides, Pennington and collabo-
rators have not only confirmed the existence of the Wigner
solution we gave, but also found another solution [109]). We
thus propose that starting from analyzing the variation be-
havior of the chiral susceptibility of the solution(s), which
could be obtained easily, with respect to each of the ingre-
dients influencing the phases can help us to study the QCD
phase transitions, especially in the case that we could not
easily know how many solutions exist for the gap equations
and have difficulty in finding all the solutions and in de-
termining the thermodynamical potential. Related investiga-
tions in the formalism of the Dyson–Schwinger equation are
in progress.
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